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Abstract This paper presents a canonical Hamiltonian model of liquid sloshing for the container
coupled with spacecraft. Elliptical shape of rigid body is considered as spacecraft structure.
Hamiltonian system is an important form of mechanical system. It mostly used to stabilize the
potential shaping of dynamical system. Free surface movement of liquid inside the container is
called sloshing. If there is uncontrolled resonance between the motion of tank and liquid-frequency
inside the tank then such sloshing can be a reason of attitude disturbance or structural damage
of spacecraft. Equivalent mechanical model of simple pendulum or mass attached with spring for
sloshing is used by many researchers. Mass attached with spring is used as an equivalent model of
sloshing to derive the mathematical equations in terms of Hamiltonian model. Analytical method of
Lyapunov function with Casimir energy function is used to ﬁnd the stability for spacecraft dynamics.
Vertical axial rotation is taken as the major axial steady rotation for the moving rigid body. c© 2012
The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1201302]
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Slosh of ﬂuid in moving objects is important for
its stable movement. Vehicles on road, ships on sea,
air plane motion and spacecraft all are aﬀected by the
sloshing of fuel. Such type of ﬂuid movement can be
a reason of attitude disturbance or structural damage.
This is the reason why many scientists are interested
to control and to minimize the eﬀect of sloshing on the
moving bodies.1–3 Fuel dynamics is most challenging
factor in microgravity environment of spacecraft and
satellites. Due to fuel consumption, ﬁll-level inside the
tank of spacecraft changes and this partially ﬁlled con-
tainer becomes an important driver in the dynamics of
object. This can inﬂuence the moving object trajectory
in three ways. First, physical properties of maneuver
change by the command of pilot. Second, in low gravity
the fuel ﬂow to the thrusters is not interrupted. Third,
fuel impacts on the walls of tank which is depending
on the structure and frequency of fuel inside the tank.
To study and control this movement, an equivalent me-
chanical model of simple pendulum or mass attached
with spring for sloshing is used by many researchers.4–6
In this article Hamiltonian system for the stability
of spacecraft is used. Hamiltonian system is a dynam-
ical system of diﬀerential equations which can be writ-
ten in the form of Hamilton’s equations. Such systems
are usually formulated in terms of Hamiltonian vector
ﬁelds on a Symplectic Poisson manifold. The transi-
tion to chaos and bifurcation for a Hamiltonian sys-
tem is diﬀerent from that for a dissipative system. For
an integrable Hamiltonian system, the motion is quasi
periodic, i.e., the motion is oscillatory but depending
on more than one independent frequencies. Canoni-
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cal Hamiltonian systems include harmonic oscillators
(simple mass attached with spring or system of cou-
pled linear strings), the pendulum, some special tops
(Euler and Lagrange tops), and the Kepler motion of a
planet around sun. A moving mass coupled with rigid
body is used for underwater actuation and for astronaut
models. Diﬀerent dynamical systems, Hamiltonian and
Lagrange dynamics,7,8 are used for the stability mea-
surement of moving objects. Leonard et al.9 presented
a model for under water vehicle stability by using Lya-
punov for bottom heavy vehicle. Petsopoulos et al.10
considered two-body system for aerospace control sys-
tem.
The article contains the mathematical formulation
of the problem using Hamiltonian dynamics theory. We
proposed an equivalent mechanical model for sloshing
in the form of a mass attached with spring which repre-
sents the sloshing of ﬂuid inside the container. Horizon-
tal motion of mass attached with spring representing the
movement of ﬂuid along 1-axis. We used elliptical shape
of spacecraft structure for our convenience. Force ex-
erted by the movement of mass is taken as internal force
of the system. We discusses the stability of spacecraft
for the proposed model. Lyapunov theory along with
Casimir functions are used for this reason. Conditions
are derived analytically and keenly reviewed for the sta-
bility of a moving spacecraft that has steady rotation
along 3-axis. Last part of the paper shows conclusions
derived for stability, useful simulation results are pre-
sented in this section to show the stable and unstable
region for the presented model.
Consider the model of a spacecraft with transla-
tional velocity v and angular velocity Ω having move-
ment of liquid along horizon as shown in Fig. 1. Mass
of moving liquid inside the tank is represented by m¯
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Fig. 1. Spacecraft fuel movement along 1-axis as an equiv-
alent mechanical model.
attached with the spring, moving linearly and having
position vector rm = 〈rm1 , 0,Δ〉. Rest of the mass is
considered as stationary and has mass mF , whose posi-
tion vector is rf = 〈0, 0,−Δ〉.
The liquid of the spacecraft is divided into two
parts. Upper part of liquid inside the tank which is
known as free surface is represented by the moving mass
and the liquid in the bottom of the tank is not mov-
ing and considered as stationary mass. This stationary
mass of liquid is added with the ﬁxed mass of spacecraft
which can be spacecraft instruments or some experimen-
tal devices.4 Thus mF denotes the stationary mass of
liquid and the mass of experimental instruments, space-
craft engine or other some stationary devices presented
inside the craft.
We deﬁne the operator ∧ so that the vector a =
〈a1, a2, a3〉 can be written as aˆ =
⎡
⎣ 0 −a3 a2a3 0 −a1
−a2 a1 0
⎤
⎦,
i.e. the operator ∧ maps a vector a to the skew sym-
metric matrix representing the cross vector product
aˆb = a× b =
⎡
⎣ 0 −a3 a2a3 0 −a1
−a2 a1 0
⎤
⎦
⎡
⎣ b1b2
b3
⎤
⎦ .
Calculating the inertia matrix JS for the stationary
mass mS with respect to body frame coordinates gives
JS = JH −mF rˆf rˆf , where JH denotes the inertia ma-
trix with respect to the whole body structure. Since
our assumption for body frame is an elliptical shape, so
JH = diag(J11, J22, J33), hence
JS =
⎡
⎣ J11 0 00 J22 0
0 0 J33
⎤
⎦−mF
⎡
⎣ Δ
2 0 0
0 Δ2 0
0 0 0
⎤
⎦ =
⎡
⎣ JS1 0 00 JS2 0
0 0 JS3
⎤
⎦ , (1)
where, JS1 = J11 − mFΔ2, JS2 = J22 − mFΔ2 and
JS3 = J33.
Since tank is ﬁxed inside the spacecraft hence the
translational velocity of the ﬁxed mass mF is given as
v. Inertial velocity of the moving point mass m¯ written
in body coordinates is
vm = v +Ω × rm + r˙m. (2)
Thus the kinetic energy of moving point mass m¯ for
body coordinates is
Tm =
1
2
m¯vm · vm = 1
2
ηm ·Mmηm, (3)
where ηm = 〈vT,ΩT, rm〉 and
Mm =
⎡
⎣ m¯I −m¯rˆm m¯Im¯rˆm −m¯rˆmrˆm m¯rˆm
m¯I −m¯rˆm m¯I
⎤
⎦
is the system inertia matrix.11
Similarly the kinetic energy for the stationary mass
mS is given as
TS =
1
2
mS(v+Ω×rS)·(v+Ω×rS) = 1
2
ηS ·MSηS ,
(4)
where rS is the position vector from O to centre of mass
mS , MS =
[
mSI −mS rˆS
mS rˆS JS
]
and ηS = 〈vT,ΩT〉.
Hence the total kinetic energy of the system will be
T = Tm + TS =
1
2
η ·Mη, (5)
where M =
⎡
⎣ mI −m¯rˆm −mS rˆS m¯Im¯rˆm +mS rˆS JS − m¯rˆmrˆm m¯rˆm
m¯I −m¯rˆm m¯I
⎤
⎦,
η = 〈vT,ΩT, rm〉 and m = mS + m¯.
If Π is the total angular momentum of the system
about the body coordinate origin written in body coor-
dinates, P is the total translational momentum in body
coordinates, Pm is the momentum of the moving point
mass in the 1-axis direction written in body coordinates,
then the momentum conjugate to η is given as
υ =
∂T
∂η
=
⎡
⎣ ΠP
Pm
⎤
⎦ = Mη, (6)
this shows that
Π = mv − m¯rˆmΩ −mS rˆSΩ + m¯r˙m,
P = m¯rˆmv +mS rˆSv + JSΩ−
m¯rˆmrˆmΩ + m¯rˆmr˙m,
Pm = mv − m¯rˆmΩ + m¯r˙m.
(7)
Deﬁning the vector x =< P ,Π,Pm, rm >, thus we
have
x˙ = G(x)∇H(x) +D(x)fint, (8)
where G(x) is the “Poisson tensor”, D(x) is the input
matrix and H(x) is Hamiltonian deﬁned by
H(x) =
1
2
υ ·M−1υ, (9)
fint is the internal force applied to the moving mass in
the positive 1-axis direction. It is important to know
013002-3 Motion stability dynamics for spacecraft coupled Theor. Appl. Mech. Lett. 2, 013002 (2012)
that when fint = 0 then Eq. (9) forms a non-canonical
Hamiltonian system. In addition to the Hamiltonian
H(x), the quantities C1 = P · P /2 and C2 = Π · P /2
are called Casimir functions12 and are conserved. These
functions can be used for the stability analysis of the
system. In our case fint corresponds to the linear spring
force and can be deﬁned as inertial force of the spring,
i.e. fint = −krm, and rm = 〈rm1 , 0, 0〉, where k > 0
is the stiﬀness of the spring. This control law can be
written as fint = −∂φ/∂rm1 , where φ = kr2m1/2 de-
notes the artiﬁcial potential function. The Hamiltonian
system with potential function gives
H(x) =
1
2
υ ·M−1υ + φ(rm1).
We are interested to ﬁnd the stability of spacecraft for
Hamiltonian function H(x) = υ · M−1υ + φ(rm1)/2.
We used Lyapunov function to ﬁnd the stability for
the steady rotation along 3-axis. For such rotation, the
equilibrium conditions are
Pe = 〈0, 0, 0〉 , Πe = 〈0, 0, Πe3〉 ,
Pme = 〈0, 0, 0〉 and rme = 〈0, 0, 0〉 . (10)
Since ‖P ‖ is conserved, so if initially P = 0 then it will
remain zero for all time interval. For such situation we
need to deﬁne another conserved sub-Casimir function
C3 = Π ·Π/2. The Lyapunov function for Hamiltonian
function coupled with Casimir functions13 is deﬁned as
H1(x, Ψ) = H(x) + Ψ(C1, C2, C3).
We deﬁne the quantities: Ψi = ∂Ψ/∂Ci and Ψij =
∂2Ψ/∂Ci∂Cj . For stability reasons, it is required that
DHΨ = 0 at equilibrium conditions (10). These condi-
tions give
Ψe2 = 0 and Ψ
e
3 =
−1
J33
. (11)
Now we will check the positive deﬁniteness of HΨ by
using second derivative and Eq. (11) at equilibrium con-
ditions (10). Since we have taken the axis of rotation as
major axis, thus J33 > J11 and J33 > J22. To make the
second derivative of HΨ positive deﬁnite, it is required
to choose Ψ such that: Ψe33 = 0 and Ψ
e
p = Ψ
e
1+Π
e
1
2Ψ e22 >
0 for k > 0.
Proposition: Since the rotation is along 3-axis thus
J33 > J11 and J33 > J22. Positive deﬁniteness of the
matrix provides the following conditions:
(i) If J11 > mFΔ
2, then J22 ≥ mFΔ2 coupled
with J33 ≤ (1 +mFΨee)/[mFΠ43 (Ψe23)2], where Ψee =
Ψe1 +Π
2
3Ψ
e
22. Since the sloshing mass of fuel inside the
container can vary from 10% to 76% of the total mass
of spacecraft14 so in our case, we have assumed that
sloshing mass is 70% of the total mass, i.e., m¯ = 0.7m
and mF = 0.3m.
(ii) If J11 < mFΔ
2 then J22 ≤ mFΔ2 coupled with
J33 ≤ (1 +mFΨee)/[mFΠ43 (Ψe23)2].
Figure 3 shows the variation of the component of
moment of inertia along major axis rotation (3-axis)
Fig. 2. Position of fuel container inside spacecraft.
Fig. 3. Distribution of stable and unstable regions.
with respect to the deﬁned Casimir function at the equi-
librium point. This ﬁgure shows the region which is sta-
ble under the inﬂuence of liquid sloshing for the space-
craft.
Equivalent model of sloshing is used to derive
Hamilton equations. Lyapunov theory is used with the
novel method of Energy Casimir for stability analysis of
spacecraft attitude dynamics. Steady rotation is taken
along the 3-axis. By using the sloshing mass and sta-
tionary mass relation, stability conditions are derived
and expressed in graphical results to separate the sta-
ble and unstable regions. From propositions it can be
observed that the positive deﬁniteness of the matrix is
mainly depending upon the dynamics of mass of space-
craft. Figure 3 deﬁnes the stable and unstable regions
for the derived propositions. All these results are found
for the positive stiﬀness of the spring which is assumed
to move horizontally. Hamiltonian-Casimir technique is
not only eﬀective for spacecraft attitude dynamics but
also works for aerodynamics and other moving bodies
carrying ﬂuid aﬀected by sloshing. This model with
Lyapunov theory gives exact result for the stability of
system.
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